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Abstract
We present a method using contour integration to evaluate definite
reciprocal logarithmic integrals and their associated infinite sums. In var-
ious cases these generalizations give the values of known mathematical
constants such as Catalan’s constant and pi.
1 Introduction
The main purpose of this work is to establish a new method which can be used
to evaluate definite integrals in the form of a series. This is a novel approach to
these problems in mathematics and has not been used before to our knowledge.
This method involves using a form of the Cauchy integral formula. Both the
definite integral and infinite sum can be written in terms of the same contour
integral and therefore we can equate the two.
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2 The Method Of Simultaneous Contour Inte-
grals
2.1 The Generalized Hankel Contour
x
y
0
c
Figure 1: Hankel Contour
The generalized Hankel contour c at an arbitrary angle to the x-axis is shown
in Fig. 1 see page 159 in [5]. Note that the contour is given the usual positive
orientation. The circular portion is understood to have radius r. The dashed
line represents the cut in the x− y plane.
2.2 Summary of the method
We start with Cauchy’s integral,
yk
k!
=
1
2πi
∫
c
ewy
wk+1
dw (1)
Here c is the generalized Hankel contour with the path in the complex plane
which extends from (∞, r] around the origin counter clockwise and back to
(∞,−r]. When k is a positive integer, c is simply a contour encircling the
origin. When k is not a positive integer, c has both the circle around the origin
and the cut along the the dashed line shown in Fig. 1.
The goal is to evaluate two forms of this equation, simultaneously by substitut-
ing various expressions for y and multiplying the resulting equation by functions
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which lead to the same contour integral. We begin this method by multiplying
equation (1) by a specific function and replacing the variable y with a given
expression. We take the definite integral of both sides then interchange the
definite integral and contour integral. This results in a definite integral which
can be evaluated analytically. Next we derive the second equation in terms of
a contour integral by again replacing y with a given but related expression,
then multiplying by a different function. We then take the infinite sum of both
sides of the equation and interchange the infinite sum and the contour integral
which results in an infinite sum which can be evaluated analytically. Based
on the above algebraic substitutions, the right hand sides will have the same
contour integral representation and hence the left hand sides are equal, which
results in a definite integral expressed as an infinite sum.
3 Evaluation Of The Contour Integral
We can satisfy the conditions on w using the Hankel contour with the cut along
the dashed line and the radius of the circular part taken as zero shown in Fig.
1. Using [3] section 2.12, where u = yk, u′ = kyk−1, u′′ = k(k− 1)yk−2 then we
get
L[u] = ay2u′′ + b(k − 1)yu′ + ck(k − 1)u = 0, (2)
where a+ b+ c = 0.
Let
u(y) =
∫
c
K(y, w)v(w)dw (3)
where K(y, w) = ewy, then
L[u] =
∫
c
[ay2w2 + k(k − 1)yw + ck(k − 1)]eywv(w)dw
=
∫
c
[aw2
∂2(eyw)
∂w2
+ k(k − 1)w
∂(eyw)
∂w
+ ck(k − 1)]eywv(w)dw
Now ∫
c
∂
∂w
(eyw)(wv)dw =
∫
c
(
∂
∂w
(eywwv) − eyw
∂
∂w
(wv)
)
dw
∫
c
∂2
∂w2
(eyw)(w2v)dw =
∫
c
(
∂
∂w
(
∂
∂w
(eyww2v)
)
−
∂
∂w
(eyw)
∂
∂w
(w2v)
)
dw
=
∫
c
∂
∂w
(
∂
∂w
(eyww2v)
)
−
∫
c
(
∂
∂w
(eyw)
∂
∂w
(w2v) + eyw
∂2
∂w2
(w2v)
)
dw
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Thus
L[u] =
∫
c
{a
∂2
∂w2
(w2v)− b(k − 1)
∂
∂w
(vw) + ck(k − 1)v}eywdw
+ {(ayw2 − a
∂
∂w
(w2v) + b(k − 1)wv)eyw}
c
Take v = w−k−1. Then ∂∂w (wv) = −kw
−k−1 and ∂
2
∂w2 (w
2v) = −k(−k+1)w−k−1
So that
L[u] =
∫
c
[ak(k − 1) + bk(k − 1) + ck(k − 1)]w−k−1eywdw
+ {[ayw2v − a
∂
∂w
(wv)]eyw}
c
= 0 + {[ayw−k−1 + akw−k−1 + b(k − 1)w−k]eyw}c
since a+b+c = 0. The contour integral is a solution of the differential equation
(2) if we choose the contour c such that the difference of the bilinear concominant
is zero at the end points. This is satisfied with the generalized Hankel contour in
Fig. 1 as long as the exponential in the final term in the billinear concominant
contains a negative real part.
4 A Definite Integral and Associated Infinite Se-
ries
To see that the right hand sides will have the same contour integral representa-
tion we use the Hankel contour in Fig. 1. We now demonstrate this method by
obtaining the relation
∫ pi/2
0
cos(2y) logk(a tan(y))dy = −kπ
∞∑
n=0
(−1)n(log(a) + iπ(2n+ 1)/2)k−1 (4)
where Re(k) < 1 to ensure the convergence of the series.
4
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Figure 2: Hankel cut with radius r
x
y
0
−u+ i∞ u+ i∞
Figure 3: Hankel cut with radius r = 0
4.1 Infinite sum evaluation
Using equation (1) and replacing y by πi(2n+ 1)/2 + log(a) and k = k − 1 to
get
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
=
1
2πi
∫
c
ew(
pii(2n+1)
2 +log(a))
wk
dw (5)
Multiply both sides by (−1)n and take the infinite sum over n to get
∞∑
n=0
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
(−1)n =
∞∑
n=0
(−1)n
2πi
∫
c
ew(pii(2n+1)/2+log(a))
wk
dw
(6)
The left-hand side of equation (6) will converge only if the terms in n go to
zero as n goes to ∞ which requires Re(k) < 1.
The right-hand side is the infinite sum of a contour integral in which we
interchange integral and sum and justify in section 4.1.1.
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4.1.1 Interchanging the infinite sum and the contour integral
To prove the validity of the interchange of integral and sum let
s(k, a) =
∞∑
n=0
(−1)n
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
(7)
We will demonstrate that this series converges uniformly for Re(k) ≤ −1 − δ.
To do this we will directly apply the Weierstrass M-test page 278 in [?] with
Mn = 1/n
1+δ as∣∣∣∣∣s(k, a)−
N∑
n=0
(−1)n
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
∣∣∣∣∣ =
∣∣∣∣∣
∞∑
n=N+1
(−1)n
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
∣∣∣∣∣
≤
∞∑
n=N+1
∣∣∣∣(−1)n (πi(2n+ 1)/2 + log(a))k−1(k − 1)!
∣∣∣∣
By the ”infinite” triangle inequality
≤
∞∑
n=N+1
(πi(2n+ 1)/2 + log(a))δ
(δ)!
Since Re(k) ≤ −1 + δ
≤
∫
∞
N
(πi(2u+ 1)/2 + log(a))δ
(δ)!
du
≤
∫
∞
N
((2u+ 1)/2)δ
(δ)!
= −
(1 + 2N)1+δ
2Γ(δ + 2)
Given any ǫ > 0, then − (1+2N)
1+δ
2Γ(δ+2) < ǫ when N is sufficiently large, and
independent of k, showing uniform convergence of equation (7).
We are therefore able to take the infinite sum inside the contour integral
and using equation (1.232.2) in [2] with Im(w)> 0 and c is the Hankel contour
in Fig. 3.
∞∑
n=0
(−1)n
(πi(2n+ 1)/2 + log(a))k−1
(k − 1)!
=
1
2πi
∫
c
∞∑
n=0
ew(pii(2n+1)/2+log(a))
wk
(−1)ndw
=
1
4πi
∫
c
aww−k sec
(πw
2
)
dw
(8)
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4.2 Definite integral derivation
From (1) we replace y with log(a tan(y)), and multiply both sides by cos(2y) to
get
logk(a tan(y)) cos(2y)
k!
=
1
2πi
∫
c
(a tan(y))w
wk+1
cos(2y)dw (9)
where c is the Hankel contour in Fig. 2.
Then integrate both sides with respect to y to get
∫ pi/2
0
logk(a tan(y)) cos(2y)
k!
dy =
∫ pi/2
0
(
1
2πi
∫
c
(a tan(y))w
wk+1
cos(2y)dw
)
dy
(10)
Let us assume we can interchange the integrals of right hand side of equation
(10). If |w| < 1, with w = reiθ and Re(k) < −1, which provides a more stringent
condition, then the right hand side of equation (8) is finite and if we take the
limit as r goes to zero, we get
lim
r−>0
∫
c
πaww−k sec
(πw
2
)
dw = 0 (11)
4.2.1 Proof of measurbility
The contour integral is given by the Hankel contour as shown in Figure 2. We
will take the circular part going to zero as the radius goes to zero which gives
a straight line lying in the strip −1 < Re(w) < 1 as in Fig. 3. The contour in
Fig. 3 will go from zero to infinity twice. The Im(a) > 0, Re(k) ≤ −1 and the
Im(w) > 0. We define a function given by
f(w, y) =
(a tan(y))w
wk+1
cos(2y) (12)
which we claim is measurable on [0, π/2] × [0,∞). By considering the trans-
formation t = 1/(1 + w) over t which is finite on (0, 1) and therefore the 2-D
integrand in equation (12) is finite over a rectangular region. Since the integrand
is only infinite on the boundary of a finite rectangular region, the integrand is
a measurable function on [0, π/2]× [0, 1). Therefore we can apply Fubini’s the-
orem to carry out the double integral in equation (10) We will then show that
equation (10) is finite so that we can apply Fubini’s theorem to show that
∫ pi/2
0
∫ 1
0
|f(w, y)| dwdy =
∫ 1
0
∫ pi/2
0
|f(w, y)| dwdy <∞ (13)
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4.2.2 Interchanging the double integral
Now interchange the integrals over w and y and use equation (3.636.2) in [2]
and equation (10) becomes
∫ pi/2
0
logk(a tan(y)) cos(2y)
k!
dy =
1
2πi
∫
c
(∫ pi/2
0
(a tan(y))w
wk+1
cos(2y)dy
)
dw
= −
1
4πi
∫
c
πaww−k sec
(πw
2
)
dw
(14)
where −1 <Re(w) < 1, Im(a) > 0 and c is the Hankel contour in Fig. 3.
Since the right hand side of equation (14) is equal to the right hand side of
equation (8) and the contour c is equal then the left hand sides of these equations
are equal, hence the following relation holds for Re(k) ≤ −1 and a is complex
given by:∫ pi/2
0
logk(a tan(y)) cos(2y)dy = −kπ
∞∑
n=0
(−1)n(πi(2n+1)/2+log(a))k−1 (15)
When Re(k) ≤ −1, a > 1, and a real, the left hand side of equation (15)
will have the denominator of the integrand log(a tan(y)) approach zero on the
interval (0, π/2).
There exists a special case when Re(k) ≤ −1 and a = 1 for equation (15).
4.3 A special case result involving Catalan’s constant
Although the above proofs were derived using Im(a) > 0 and Re(k) ≤ −1, we
have a special case when a = 1 and k = −1.∫ pi/2
0
cos(2y)
log(tan(y))
dy = π
∞∑
n=0
(−1)n
(πi(2n+ 1)/2)2
= −
4
π
∞∑
n=0
(−1)n
(2n+ 1)2
= −
4G
π
(16)
where G is Catalan’s constant page 807 in [1], so named in honor to E. C. Catalan
(1814-1894) who first developed series and definite integrals representations for
his constant.
4.3.1 Existence of the definite integral
There are three points where the integral may not exist. These points occur
when y = 0, π/4, π/2.
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When y = 0, the function cos(2y)log(tan(y)) → 0 as log(0)→∞
When y = π/2, the function cos(2y)log(tan(y)) → 0 as log(∞)→∞
When y = π/4, the function cos(2y)log(tan(y)) →
0
0 as log(1) → 0. This is in
an indeterminate form which requires l’Hospital’s rule. After applying this rule
we get
lim
y→pi/4
(−2 sin(y) sin(2y) cos(y)) = −1
.
5 Conclusion
In this paper, we have presented a novel method for deriving a relation between
an infinite sum and its associated definite integral. This method has shown the
ease with which a series can be derived for the definite integral of the reciprocal
logarithm function which has not be been documented to any great extent. This
method yields two equations from two forms of Cauchy’s Integral formula due
to an infinite sum and definite integral. These two equations are then solved
simultaneously. This method can be extended to other forms to yield more
interesting relations. We are able to replace an infinite sum with a definite
integral which is always advantageous computationally.
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